
 

Lecture

There are two more isomorphism theorems I

am stating them here and proving one of them
However we won't study them in much detail

They won't be in your syllabus for the exam
Yay

Theorem Sadism
If KE G and N AG then I k 0

Proof first note that j KEG and NAG

D KN E G KN 4 as e E kN

Let a K n E K N for R E K n C N

b kznzC kN for 122CK NzC N



Then a b kin Kanz Rin nai Kjw
Mz

I k Mz KI

k Kj 122ns RI
123I

123122nsRI

But since Nela Ranski c N by the

normal subgroup test So

Ab kzny C KN KN E G
Also Nd kN Let kin E kN Then

kin N R N

also since Na G and R E G too p K N Nk

D k h MzR for some Nz Nz C N

D N Rin Nnzk Nk

Since Nela Nk R N from and

we get that kin N NRM



D NA kN

Theis KII is a group
N

To prove I KN
KON Tv

we'll use

Principles whenues you want to show
that Gf I try to find a surjective

homomorphism y G G and show that

Kerg H and then apply the first Isomor

phism Theorem

So define 8 K 1 by

Y CR RN

y is onto



for any kin N E Killy k.MN KIN and

so for K E K Y R K N

yisahomomorphism
Let Ri Rz E K Then

9 k kz 121122N KIN 122N 91121 Y ka

fo g is a homomorphism

What is Ray

Keng KEN PCR N as N is the

identity in 1

So Y K RN N KEN But R C K

so KE KAN p KerCg KAN

and by the first Isomorphism Theorem FIT



K

KIN
1

The

theorem Third Isomorphism Theorem

If Ma G NN G and MEN then

G EM N

TI
Th

i e GIM is a group as Ma G is a

group as Na G Since MEN MAN

NIM is also a group Finally I fly

GIM
Tg

is also a group The theorem says

the groups 4 G
N

D



Finally let's see one more application

of F IT

TheoremECorrespondenceTheoremI

Let go G I be a surjective homomorphism
Consider the set S HE G l kerg EH
which is the set of all those subgroups in G
which contain kerf Consider the set

1 IIE G which is the set of
subgroups of G Then

1 There is a bijection Y b w S and T

2 If H E S i e H E G and Ray E H then

G HT G Y H

So the theorem is saying that every subgroup

of G which contains kerb corresponds to a



unique subgroup of G and nice versa every
subgroup of G corresponds to a subgroup of
G which contains her 8
So the subgroup structure of G is same

as the structure of subgroups of G containing

Kay

Proof we'll construct a bijection b w Sandt
Recall that if g G G is a homomorphism

then YCH E G for any H E G

Define Y S T by
Y H SCH

i e take any subgroup in G and snap it
to its homomorphia image in G
Define TV T s by
Tu t g CFD



i e take any subgroup of G and snap it
to the inverse image of H under D
Recall that g CHI E G
We want to show that yr and yet are inver
ses of each other and yo y Id

1 and

YT Y Ids
But even before that why should 4TH
lie in S i e why should g t contain

Kay
Well g t g EG gig et

since E e TT P kerf g c G Olg eEtf
is contained in g TT and hence TULA eS

pnofof.DE
aimL YoY IdT
Let II c G Tact g CI

Hoyt H 414 Cti



Note that we cannot write 914 CAD I
as for example ij Y G G is the trivial

homomorphism then y TT G and 4cg GID

PIG e f II In fact this is the reason

we are taking S HE G keep EH as

you'll see that a complication like just
described won't occur if we choose subgroups

from S

Wait O y y HT tT

Let 5 ett Since 8 is surjective F g cG
s t gig Is ge 8 IT and

0cg D c glee HID p IF E Ocp CAD

Conversely if he 019 Cti

F g e g ti s t h 61g

tf g e g ti D 6 g c IT heTT



Thus Claim 1 is true

Similarly one can prove that Troy Ids and

hence F a bijection b w S and T

This proves D of the Theorem
Now we'll prove part 2 i e if H c S then

G HT E WH

It's enough to construct a bijection b w the set

of left cosets of H ni G and the set of left
coset of YCH in G

Define 3 gH g cG Hesse gIF IHIT

by 3cgH gig SCH

Recall Principle 2 we must check that the

map 3 is well defined as the domain is the

set of coset



So let g H gaH 9219 c H

Now 3cgH 9cg QCH
3 gait Olga QCH

now 01951g Olga 61g as Disa
homomorphism

But y gig c H

Olga g c OCH

019J g PCH OCH

4cg QCH 419236CH

Hence 3cg H 319214 Ta is well defined

3 is one one

Let 3cg H 3 gait

919,391113 819,3941

Olga g QCtD OCH



61g g c GCH

gj g E H gatt g H and B is one one

3 is onto

Let ggut be a coset of PCH Since

g is surjective F g e G s t gig g

p 31gH 01g UCH g UCH

D 8 is onto

Thus 3 is a bijection and hence we prove

part 2
Ed

I know that this is neither the easiest nor the

best proofs to see so I donot expect you to

learn this However it's important to understand

the content of the theorem



Recalls that if 9 GIG is an isomorphism

then Ray e and hence any H E G conto

ins Rug So as a corollary of thecorrespondencetheorem we see that

Corollary Let GII Then

1 The subgroup lattices of G and I are the

same as S HE G and T tie 693

2 H R E IN the number of subgroups in G

and G of index K are the same

Also recall that g NAG then N Rug

where 9 G Gq is the natural

homomorphismfrom G ago Thus the correspondence

theorem gives



Corollaryse Let Na G and Q G Gp be the

natural homomorphism Then

F bijection b w HE GI NE H and

tie G
The bijection preserves the index of subgroups

So corollary 2 is basically saying that the

subgroupstructure of the group is same as the

structure of subgroups of G containing N
B

o x x o


